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ABSTRACT: 
In this paper, the effect of integration cap size on geoid determination was studied, when 

using gravity disturbances and vertical deflection as input data. For this purpose, a series of 
varying cap radii was used to predict gravimetric geoidal heights at discrete GPS-Benchmarks, 
using both the Hotine and deflection-geoid techniques. In both cases, the results showed 
significant dependence of the resulting geoid accuracy on the integration cap size. The two 
methods showed comparable behavior in the vicinity of the cap radius, which i s  consistent wit? the 
maximal resolution of the reference geopotential model. At larger cap sizes, the perfomance of 
the deflection data type was significantly better than the gravity disturbances, which in turn 
showed a dramatic degradation of the geoid accuracy. Therefore, when solving for the geoid 
without modifying the integration kemel, it is strongly recommended to nse large cap sizes along 
with the deflection-geoid method. If gravity disturbances are to be used for geoid determination, 
then it is recommended to use as small integration cap as possible. 
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1. INTRODUCTION 
Gravimetric geoid determination via the model 

approach is generally characterized by solving the 
geodetic boundary value problem (GBVP) using 
integral formulas. In modem geoid determination, the 
integration is carried out over a limited integration 
cap around the computational point. Such cap is 
supposed to provide the effect of local data, giving 
the medium-to-short wavelength component of the 
gravimetrically predicted geoidal height. The long 
wavelength spectrum is synthesized from an 
appropriate high-resolution geopotential model, 
whereas the high frequency features are implied by 
the topographic effect in the vicinity of the 
computation point. 

Theoretically, the integration cap radius ~0 should 
be consistent with the maximum resolution, N,, of 
the used geopotential model [6], 

yo =18O0/N,, (1) 

However, some factors could affect the above  deal 
relation. Examples are the local uncertainty of the 
used geopotential model, the roughness of the local 
gtavity field, the local data type, resolution and 
coverage ([Z] and [7]). 

Some previous studies have been conce:ned with 
the effect of integration cap size on geoid 
determination using Stokes' formula ([I] and [3]). 
The aim of this study is to investigate the effect of 
cap size on the accuracy of geoid determination, via 
both the Hotine and Deflection-gcoid techniques. 
These two methods utilize gravity disturbances and 
vertical deflections as input data, respectively. 

2. RESIDUAL GRIDDED DATA 
For this research, three sets of Z'x2' gravity 

disturbances, meridian and prime-vertical deflection 
components over the Egyptian Territory were 
available, relative to the WGS-84 geocenbic 
ellipsoid. These grids represent three collocation 
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solutions, using the Egyptian scattered heterogeneous 
data as input. Each of the three data grids covers the 
region bounded by ( 22' N 5 cp 5 32' N; 25' E 5 h 5 
36" E). The low frequency contribution was removed 
from the data by subtracting the values, synthesized 
iiom the (650x650) high resolution EGM9GEGIT 
geopotential model tailored to the Egyptian Territoq. 
This harmonic model was also reduced for the local 
direct and indirect Helmert's topographic effect, 
according to the algorithm described by [5]. As such, 
respective gravimetric quantities could be 
synthesized at the geoid level, without any violation 
of the harmonicity domain. The 2'xZ' geopotential 
model derived gravity disturbances and deflection 
components are, respectively, evaluated by ( [4] and 
[lo1 ) 

- 
S., sinmh)dk, (sin 0)/d0 

- 
S ,  cosmh)P, (sine) (4) 

With: 
O the geocentric latitude, 
A the geodetic longitude, 
r the geocentric radius, 
y the normal gravity implied by the reference 

ellipsoid, 
kM the geocentric gravitational constant, 
a the equatorial radius, -. c., the fully normalized spherical harmonic C- 

coefficients of degree n and order m, reduced 
for the even zonal harmonics of the reference 
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- ellipsoid, 
s,,, the fully normalized spherical harmonic S- 

- coeffici& of degee n A d  order m, 
pn," (sine) the fully normalized associated Legendre 

hnction of degree n and order m. 

The GTOP030 digital elevation model [ll], was 
used to account for Hehert's topographic effects 
(Figure (1)). For instance, regarding gravity 
disturbances, Hehert's condensation effect could be 
approximated by the Faye reduction value [13] 

Sgh = ( k p ~ ' / 2 ) ( ~ 1 p ~ h c o s c p ~ ) ~ ( ( ~ ,  -H,)~/I~)  (5) 

where 
1 the distance between the computation point and 

the ~ ~ i l l g  point, 
k the gravitafional constant, 
H, the orthometric height of the computation point, 

H, the orthometric height of the running point, 
P the mean crustal dex~sity @ ~ 2 . 6 7  gm/cm3 ). 

Lo~@udt (deg.) 

Figure (1): GTOPO3O contour map over !Z.?ypt 
(Interval: 100 m) 

3. SCATTERED STATlON SOLUTIONS 
The residual medium frequency gravity 

disturbances and deflection components grids are 
used to compute sets of residual geoidal heights at 
scattered and suitably distributed 15 GPSLeveling 
stations. These GPS data were made available from 
different Egyptian data sources. The stations were 
selected, such that the distance between the 
outermost points and the region boundaries did not 
exceed the maximum integration cap size, as shown 
in Figure (2). The discrete solutions were 
accomplished using the Hotine and Deflection-geoid 
formulas, respectively, where the integrations were 
carried out over limited caps around the discrete 
computational points. 

L ~ g i t u d c  (a%.) 
Figure (2) Distribution of the computational points 
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In spherical approximation, the residual geoidal 
solution by Hotine's formula is expressed as [S] 

where 
R the mean radius of the Eaah (taken = 637 1 km), 
yp the normal gravity pertaining to p, on the WGS- 

84 ellipsoid, 
Sg:, the residual gravity disturbance at the running 

point q, 
AT & Ah the data grid spacing in radians, 

V J P ~  the spherical distance between p and q, 

expressed as 

(7) 
H(y) is the Hotine's kernel, expressed by; 

H(I+I) = l/sin (14~12) -1n[1+ l/sin(1+1/2)] (8) 

On the other hand, the residual geoid 
undulation is formulated by the Deflection-geoid 
technique, as follows; 

N; = ( ~ 1 4 ~ )  (5; cos aw + q; sin a,,). 
W A  

d ~ ( v , , ) / d v , ~  . cos T, 4 Ah (9) 
where trq & qrq are the residual meridian and prime- 
vertical deflection components, respectively, at the 
running point q; and a, is the azimuth of the 
spherical arc cp [4], 
tana,, =(-coscpp.sinAhP,)l[2sincp,.cosvp. 

sin2 (AhPq/2) - sin AV,] (10) 

C(yN) is given by 

c ( ~ )  = -210gsin(~/2) -1.5~0s (v)-l (1 1) 

and, 

The Stokes' algorithm [9] was switched into the 
Hotine and Deflection-geoid fonndations. In the 
current work, various sets of residual geoidal 
solutions were carried out at the discrete GPS- 
Benchmarks, via the above two techniques, using 
different integration cap radii. In this respect, 
integration cap sizes of yo = 0.13, 0.28, 0.36, 0.5 
degrees and then every 0.25O till a cap radius of 2'. 
The specific value yo = 0.28" corresponds to the 
Nyquist frequency of the reference hannonic model, 
according to Eq. (1). After estimating the discrete 
residual geoid height sets, the long and short 
wavelength contributions are then restored, yielding 
the respective full component geoidal undulation 
values, 

N=N,,, + N ' + N ~  (1s) 

The low frequency geoid was computed from the 
same geopotential model, 

The topographic indirect effect, N: on the geoid is 
assessed as follows [!3] 

where the fvst term expresses the effect of the 
removed Bouguer plate and the second term reflects 
the effect of the local topographic irregularities with 
respect to it. 

4. RESULTS 
Figure (3) shows the variation of the mean 

difference between the GPS-derived and 
gravimetrically estimated geoidal heights, based on 
Hotine and Defection-aeoid formulae; with the cap - 

dc(v)/dV =-cot(1+1/2)+1,5sin(1+1) (12) . radius. The sign of the mean diEerence does not 
change. Regarding the Deflection-geoid solution, 

By definition, the above integrals have singularity apart from a local minimum at cap radius of 0 284 
at the computation point. Thus, the relevant effect, the mean difference can be considered constant till a 
6Np, of the data value at the computation point p, is radius of 0.759 and then decreases with increased cap 
accounted for in Hotine's integration as follows; radius. In general, the Deflection-geoid method 

yields mean differences, which are significantly less 
6 N ~  =(%/YP) J ( ~ ~ ~ h c o s ~ ~ / . n )  (I3) in magnitude than those pertaining to I-Iotine's 

~ ~ ~ ~ d i ~ ~  he ~ ~ f l ~ ~ ~ i ~ ~ - ~ ~ ~ i d  technique, the integral. In addition, regarding Hotine's technique, 

correspondmg value is expressed as [4] increasing the cap radius worsem the mean 
difference between the observed and the predicted 

6Np = R ~  (5; + q : ) ( ~ v ~ h ~ ~ ~ p p / 4 ~ )  (14) geoidal heights. For both cases, the range of the 
variation of mean with cap size is about 5 cm. 

where $, & q: are the north and south gradients of 
the residual meridian and prime-vertical deflection Figwe (4) shows a similar comparison, regardig 

components, respectively, at the computational point the standard deviation (of single difference) of the 
discreoancies behveen tbe observed and estimated 
geoid'undulations at the discrete GPS-Benchmarks. 
Just beyond a cap radius of 0.2S0, the two trends 
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intersect, and then the Hotine method yields a 
monotone increase of the standard deviation as the 
cap radius increases, while the Deflection-geoid 
method shows a decreasing trend in general. 
Specifically, at an integration cap radius of 0.28" and 
less, the Hotine solution gives a little better standard 
deviation of difference. Moreover, at yro = 0.28", the 
Deflection-geoid trend has a local maximum. The 
Hotine and Deflection-geoid methods yield a 
standard deviation variation range, with cap size, of 
about 13 and 10 cm, respectively. It should be 
emahasized that the resultine Hotine trends resemble 

Figure (3) Mean geoid discrepancy versus cap size 

versus cap size 

5. CONCLUSIONS 
In terms of the mean geold discrepancy, the Hotine 

method results in a bias, which is significantly 
larger than that pertaining to the Deflection-geoid 
method. This bias exhibits a nearly monotone 
increase, as the integration cap sue increases. Beside 
at an integration cap consistent with the harmonic 
model's resolution (yo = 0.28"), the Deflection-geoid 
method is still capable of reproducing a quite small 
value for the mean difference at large cap radii. 
Regarding the standard deviation of difference, the 
two gravity disturbance and vertical deflection data 
types yield comparable features in the vicinity of yro 
= 0.284 This implies that the reference geopotential 
model is consistent with the local data. Slightly 
exceeding that cap size value, the corresponding 
trends divezge dramatically, where the vertical 
deflection data type shows significantly better 
standard deviations. At a cap size of 24 the standard 
deviation pertaining to the Deflection-geoid solution 

becomes better than that of the Hotine method by 
about 16 cm. 

Due to its relatively rough nature [2], the gavity 
disturbance data seems to work well only within a 
limited integration cap that describes its high 
frequency nakire. Being the horizontal gradient of the 
geoid, the vertical deflections have moderate spatial 
variability, and hence they may give better results 
with larger cap sizes. Moreover, such dift'erent 
behaviours could be also attributed to the lack of 
modification of the integration kernels in both 
solutions [12]. In particular, the unmodified Hotine's 
kernel could have adversely degraded the solution, 
when using larger cap sues. 

Based on the obtained results, and when solving for 
the geoid without modifying the integration kernel, it 
is recommended to use a large cap size along with 
the Deflection-geoid technique. This would provide 
the best results. If gravity disturbance data are to be 
used, then the smallest possible integration cap radius 
should be used. Also, the application of modified 
kernels to both the Hotine and Deflection-geoid 
techniques should be investigated, whether it would 
yield consistent geoidal height accuracies. 
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