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ABSTRACT 

The partial angular velocities and partial linear velocities play a hndamental role ; 
in forming Kane's equations of motion. The objective of this paper is to develop 
an improved computational approach in order to simplify and solve Kane's 
equations of motion for multibody systems. This can be achieved by obtaining 
an optimal set of generalized speeds which are first randomly selected. They 
could be chosen as a set of angular velocities and linear velocities or simply a 
set of independent joint velocities. The proposed methodbas shown that Kane's 
method can be modified and leads to an optimal set, of generalized speeds, 
which leads to simpler equations of motion. An application is adopted to 
illustrate the proposed approach. 
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1. INTRODUCTION 

During recent years, there have been many attempts to develop efficient 
formulations for deriving equations of motion for multibody systems, especially 
for open-chain systems [1,2]. Most of these attempts [3-81 have been motivated 
by advances in computer hardware and software as well as in computational 
methods used to derive the equations of motion of multi-body systems. Most 
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writers and researchers have formulated these equations utilizing either 
Newton's laws, Lagrange's equations or some modified geometrical theory. 
Each of these approaches, however, has the objective of efficient development 
of computer-oriented equations. The relative advantages and disadvantages of 
these approaches depend on the particular dynamic method used and the 
method of organizing the geometry. 

Kane's method for formulating the dynamic equations of motion [9-131, which is 
attributed to T. R. Kane, is a recently developed principle gaining increasing 
recognition, particularly in its applications with multibody systems. This 
method is developed in the early 1960's. It was originally called "Lagrange's 
form of d'Alembertls principle". In recent years, the procedure based on this 
~rincivle is referred to as "Kane's Eauations". Kane's method is stated as a 
fundamental proposition. It is utilized as a starting point for the development of 
various other methods of formulating equations of motion. 

These equations provide an automatic elimination of the non-working internal 
constraint forces without the introduction of tedious differentiations. This 
reduces the work needed to formulate the equations of motion and also yields 
simple equations. Huston et al. [14] have developed combined methods for 
Kane's equations with geometric and computational procedures. Utilizing these 
methods, general multibody systems can be analyzed in general external force 
fields. Moreover, the internal forces between the bodies are allowed to be 
either specified or unknown. 

The paper presents a new improved computational method for Kane's 
formulation to simplify and solve the equations of motion of spatial multibody 
systems. In a dynamic system, the linear velocities and angular velocities are 
linear fbnctions of the generalized coordinate derivatives. The coefficients of 
these derivatives are called partial velocities and partial angular velocities. The 
scalar components of partial velocities and partial angular velocities play a 
hndamental role in forming the coefficients of the governing equations of 
motion. It is often convenient to introduce and define coordinate derivatives 
that are linear combinations of other coordinate derivatives, such combinations 
are known as generalized speeds. The generalized speeds in Kane's method play 
a findamental role in forming the governing equations of mbtion. They are 
quantities intimately associated with the system motion, rather than merely with 
its configuration. They also serve as dependent variables on an equal footing 
with the generalized coordinates. Their introduction can enable one to take 
advantage of special features of a given physical system to bring the equations 
of motion into a particularly simple form. Most researchers rely on a random 
choice for the generalized speeds [2]. 

The proposed method of this paper shows that Kane's method can be modified 
and the optimal choice of the set of generalized speeds leads to simpler 
equations of motion. An illustrative application is solved using the modified 
Kane's method. 



2. FORMULATIONS 

Kane's method reduces the procedures required to formulate the equations of 
motion and yields simple equations. To show that, a rigid multibody system is 
considered. The linear velocities of that system are described in two cases. First, 
description by means of body coordinates. Second, description by means of 
joint coordinates. 

2.1 Formulation by Means of Body Coordinates (Case I) 

A floating base mechanical open chain system of five-rigid bodies is shown in 
Fig. 1 .  The bodies are connected to each other by either a prismatic (F') or 
revolute (R) joint. When ri is the position vector to any point on body i. 
Hence, the linear velocities could be as follows 

Whue qj and rj are the joint velocity and the linear velocity of the i' body, - 
d g  and Fj are (3 x 3) skew symmetric matrices such that d ,  x uj =qj ui and 

cj xui = F j  uj, rli; describes a vector between a point on body i to a point on 
body j (only d31 and d51 are shown in the figure for demonstration), the vector 
ci is between the joint (i-1) and the center of mass of body i, and ui is a unit .*. . 
vector passes through the I jomt axis. 

Fig. 1 .  System configuration for body coordinates 
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2.2 Formulation by Means of Joint Coordinates (Case II) 

In this case, the position vector ri is pointed toward the joints as shown in Fig 
2. The Linear velocities can be written as 

Comparing the equations of the above two cases, it is obvious that the 
underlined-redundant terms in Case (I) are eliminated. This reduces the tenns 
needed to formulate the equations of motion. As a result, the case of joint 
coordinates is more efficient and recommended. 

Fig. 2. System configuration for joint coordinates 

3. MODIFIED KANE'S METHOD 

The proposed method is demonstrated by considering the five-rigid bodies 
system shown in Fig. 2 as a case study. First, the generalized speeds are 
randomly selected. They could be chosen as a set of angular velocities and 
linear velocities or simply a set of independent joint velocities. 

s , = i , ,  s ,=cu, ,  s,=q,, s,=q,, s s = q 4  and s,=q,  ( 3 )  

Hence, the angular velocities could be written as 



They can be also rewritten in terms of generalized speeds as 

Moreover, the linear velocities, which are presented by Eq. 2, can be also 
rewritten in terms of generalized speeds as 

The angular and linear velocities can be arranged in a matrix form as follows 

where, I is a (3x3) identity matrix. 

A so-called "Column Reduction Process (CRP)" [4] is applied to reduce the 
coefficient matrix for the system of equations presented in Eq. (7). This method 
is developed on the basis of linear algebra. The process is carried out by 
subtracting a column from other multiplied columns to get as many zero 



elements as possible. The reduction process starts from the last column toward 
the first column (i.e., from right to left). For instance, if the right-hand term of 
the equation system presented in Eq. (7) can be represented as As, after certain 
operations by using the CRP, this term is converted to BS: The superscripted 
s* is the new objective set of the modiiied generalized speeds (i.e. optimal 

generalized speeds). Note that As z BS'. The new reduced form is 

In the obtained reduced form, the elements (8,4), (9,3) and (10,4) are 
eliminated. The optimal set of generalized speeds s'can be expressed in terms of 

the initial generalized speeds as linear combiiations as follows, 

Finally, the angular velocities in terms of the optimal generalized speeds are 

Likewise, the linear velocities in terms of the optimal set of the generalized 
speeds are 



The deduced angular and linear velocities in terms of the optimal set of the 
generalized speeds are considered as a basic kinematics requirement for deriving 
Kane's equations of motion. Since they reduce the terms needed to formulate 
those equations and hence the time required for implementing the problem. 

4. CONCLUSIONS 

A modified computational approach for Kane's equations is presented in this 
paper. The velocity transformation matrix of partial angular velocities and 
partial linear velocities is constructed. The optimal set of the combined 
generalized velocities can be determined according to the developed procedure 
based on Kane's method. The deduced generalized speeds give fewer terms of 
the generated equations of motion. Comparative analyses between two cases of 
body coordinate formulation and joint coordinate formulation is achieved. The 
comparison reveals that the joint coordinate formulation is more efficient and 
recommended. The proposed modified Kane's method can be applied to any 
general multibody system. 
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